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1. Introduction 

x 

In the present work formulas for calculation of electric conductivity 
and dielectric permeability in quantum collisional Maxwellian plasma are 
deduced. 

During the derivation of the kinetic equation we generalize the approach, 
developed by Klimontovich and Silin [T] . 

Dielectric permeability in the collisionless quantum gaseous plasma was 
studied by many authors (see, for example, pQ - fTO]). 

In the work jB] , where the one-dimensional case of the quantum plasma 
is investigated, the importance of derivation of dielectric permeability with 
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use of the quantum kinetic equation with collision integral in the form of 
BGK - model (Bhatnagar, Gross, Krook) [TT], [Q2] was noted. 

The present work is devoted to the performance of this task. 

A dielectric permeability is one of the most significant characteristics 
of a plasma. This quantity is necessary for description of the skin effect 
[13] . for analysis of surface plasmons [EH], for description of the process 
of propagation and damping of the transverse plasma oscillations [TO] , the 
mechanism of electromagnetic waves penetration in plasma [9], and for 
analysis of other problems of plasma physics [15] . [TO] , [TT] . [TO] and [20]. 

In the present work the Wigner - - Vlasov -- Boltzmann kinetic equation 
with collision integral in the form of relaxation r -- model in coordinate 
space is used. 

This equation is considered about the Wigner function, which is quan- 
tum analog of classical distribution function. The Wigner function has 
been entered in work [21] and then it was investigated in works [22] [25]. 

Kliewer and Fuchs were the first who have noticed pE] , that the dielectric 
function for quantum plasma deduced by Lindhard in collisional case does 
not pass into dielectric function for classical plasma in the limit when 
Planck's constant h tends to zero. This means, that dielectric Lindhard's 
function does not take into account electron collisions correctly. Kliewer 
and Fuchs have corrected Lindhard's dielectric function "by hands" so 
that it passed into classical one under condition h — > 0. 

In the works [H] , [T5] the dielectric function received by them (Kliewer 
and Fuchs) was applied to consideration of various questions of metal op- 
tics. 

In the work [5] the correct account of collisions in framework of the 
relaxation model in electron momentum space for the case of longitudi- 
nal dielectric function has been carried out. At the same time the correct 
account of influence of collisions for transverse dielectric function has not 
been implemented till now. 



The aim of the present work is the elimination of this lacuna. 

2. Transverse conductivity in maxwellian plasma 

In a considered case of plasma locally equilibrium maxwellian distribu- 
tion function looks like (see [26]): 

•(0) _ J^ exp (_( P _ -i-A(r,t)V - —\ 

v t tt 3 / 2 \ V cpT ' ksT J 



/^/l^-^-exp - P-— A(r,t) --P- . (1.1 



2k B T . 

Here vt = \ is the thermal electron velocity, m is the electron 

V m 
mass, e is the electron charge, px = mvx is the thermal electron momen- 
tum, P is the dimensinless electron momentum, Nq is the electron number 
density in equilibrium state, A(r, t) is the vector potential, U = U(r,t) 
is the scalar potential (which is considered further equal to zero), c is the 
light velocity, ks is the Boltzmann constant, T is the plasma temperature, 
fo(P) is the absolute Maxwell distribution, 

No _ P 2 
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The Wigner - - Vlasov functional in this case equals to [26] 



ff[/] = (PA)^(P)-/ -(P)), (1.2) 



where 



q is the dimensionless wave vector, kr is the wave number corresponding 
to thermal movement of molecules, 

k pt vtlvt 

kt h h 

We consider the kinetic equation with the Wigner - - Vlasov functional 
1.2) 

| +vg^(/ oq -/) + (PA)^(/+ -/,). (1.3) 



Here v is the effective electron collision frequency. 
Linearization of equilibrium distribution function (1.1) gives: 

/ eq = /o(P) + /o(P)— (PA). 

Cp T 

Therefore we seek the solution of equation (1.3) in the form 

/ = MP) + MP)— (PA) + /o(P)— (PA)/i(P). (1.4) 

Cpr Cpr 

Substituting (1.4) in (1.3) we receive 

1p lip 

(PA)/o(P)— [y -IUJ + *kv) = — (PA)(w - kv)/„(P) 

+ (PA)^(/o + -/o-)- (1-5) 

Let's replace in the equation (1.5) v on 

p eA eA 

V = = Vrr* 

m mc mc 

and in the received equation we will produce linearization on the vector 

field A. We receive the equation from which it is found 

2 , e —("- vtW) + ~f(fo + ~ fo) 

(PA)/i(P)/o(P)— = (PA)^ ^— (1.6) 

v 7 v ;J v Vt v ; v-iu + iv T kP 

Substituting (1.6) in (1.4) we receive 

2ie (u - vrkP) MP) + ^(/o + " /o") 

/ = /cq + —(PA) • ■ • L ' ( L7 ) 

cpr v — ILU + IV ykP 

where £y is the thermal electron energy, 



2r = 



mw 



r 
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Electric current in an equilibrium condition is equal to zero [26]. Then 
we receive using (1.7) 



j(r,t) = e / vf(r,v,t)d 3 v 



= ?!f! f y(PA) (CJ ~ ^kP)/oW + ( £ ^/^)(/o + ~ /o") ^ (1 

After linearization on the vector field we obtain 

= 2^ J (u - v T kP) f (P) + (£tM)(/q + - /p-) ^^ (L9) 

c Pt J v — iu + ivTkP 

A 
We take unit vector ei = — , directed alongwise to the vector A. Then 

A 

equality (1.9) may be rewritten in the form 



j(r,«) = 2 jf^M /p(Pe 1 )S(P 2 ,k 1 P)d 3 P, (1.9') 



■ 2 v}_ 

cm 

where ki = -u^rk = /k is the dimensionless wave vector, 

s{ p2 MP) = (^ -kiP)/o(P) + (£r/ft)(/ + - f ) ^ 

1 — iujt + ikiP 

We take other unit vector e 2 , which is perpendicular to the vector ki, 

i.e. 

Axki Axki 

62 " |Axki| " Aifci ' 

where A x ki is the vector product. 

We expand the vector P on three orthogonal directions ei, e 2 and n = 
ki k 

~ki ~ ~k 

P = (Pn)n + (Pei)ei + (Pe 2 )e 2 . 

We receive with the help of this expansion 

(PA)P = A(Pei)P = 

= A(Pei)(Pn)n + A(Pei) 2 ei + A(Pei)(Pe 2 )e 2 . 

Substituting this decomposition in (1.9'), and, considering, that inte- 
grals from odd functions on a symmetric interval are equal to zero, we 

receive: 

= ^tyA(r.t) / ( p ei )2<J(p2 ikl p )d 3 R (1 10) 

cm J 
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In view of symmetry value of integral will not change, if the vector ei 
to replace with any other unit vector e 2 , perpendicular to the vector ki. 
Therefore 

J (Pe 1 ) 2 S'(P 2 ,k 1 P)d 3 P = J (Pe 2 ) 2 5'(P 2 ,k 1 P)d 3 P 



Pei + Pe 



-V 

Hence, for current density we have 

ie 2 v^A(r,t) 



s(p 2 M¥)<Pp. 



JM) 



cm 



Pei)" + Pe 2 



S(P 2 ,k 1 P)d 3 P. 



Let's notice, that the value P 2 = PP is equal to: 

P 2 = (P ei ) 2 + (Pe 2 ) 2 + (Pn) 2 , 



whence 



2 _ 02 



(Pei) +(Pe 2 ) =P 



£V 2 
k 2 



= P z - PnT = P 



2 _. D 2 



where P± is the projection of vector P on a straight line, perpendicular to 
plane (ei,e2). 

Then for current density we receive the following expression 



JM) = 



ie 2 v%A(r,t) f d2 c/d2 



cm 



/ > PfS'(P 2 ,kiP)(/ 3 P. 



We consider the connection between electric field and potentials 

16»A(r,f) 6>[/(r,f) 



E(r,t) = 



c ^ 



dr 



or 



2CJ 



E(r,*) = — A(r,*). 

c 

Hence, the current is connected with vector potential as: 

j(r,f) = o- tr E(r,t) = <jtr—A(r,t). 

c 



Replacing a current in the left part of this equality expression through 
a field, we receive 



a tr -A(v,t) = K " rA(M) / 'p?S(P 2 ,k 1 P)d J P. 

cm ] 



IU) 

c 



From here we receive expression for transverce electric conductivity 



&tr = 



e 2 v\ 
mu 



I ' PlS{P 2 M^)d i P. 



Let's replace in this expression the absolute Maxwell distribution by its 
explicit representation. We receive that: 



e 2 iVn 



&tr = 



lu — v T kP)e F + £ T (e F + 



,-Pi 



,-Pf 



)/h 



pU 3 p. fi.ir 



mLun 3 / 2 J v — iu + wtYP 

Let's transform the formula (1.11) with the use of standard expression 
for static electric conductivity ctq = (e 2 A^o)/(mz/): 



Otr 



^0 



7T 



3/2 



lot J ncj\ 



Pl&P 



1 — iujt + ik\P 



1.12) 



On the basis of formulas (1.11) or (1.12) we will write the formula for 

4:7TZ 

transverse dielectric permeability Et r — 1 H Otr in Maxwellian plasma 



u 



e tr = 1 + 



2CJ 



/' 



2^3/2 



CJ^TT 



wr-kiPle-^ + ^^-c"^ 



Pl^P 



1 — zcjt + ikiP 



Let's present (1.11) in the form of the sum 



„ ^.classic i „ quant 

°tr = <J t r + a tr ■ 



1.13) 



Here 



where 



and 



classic f 

&tr ~ °0 J classic? 



/< 



1 



classic 



e- p2 Pld 3 P 



IT 



3 / 2 / 1-WJT + iZkP' 



(T 



quant 



^o/. 



quant 5 



1.14) 



;i.i5) 



;i.i6) 



where 

Vt i n -p 2 



7T 3 / 2 / I id 



/quant - ^3/2 J { kPe 

fcr^T, _p2 P 2 1 P]_d 3 P 



We will present the formula (1.16) in the form of the sum of two terms 

a^ &nt = ai +a 2 . (1.18) 

In the formula (1.18) following designations are entered 

/ 1 f kPe- p2 P*d 3 P 
ai = §72 M ■ 4.-/VP ' ( L19 ) 



and 



_/fe T 1 f (e- p l-e- p2 -)Pld*P 

2 2WT7T 3 / 2 / 1-ZWT + z/kP l ' ^ 



After obvious replacement of variables we receive 



-(P T q/2) 2 p -P 2 



1-IUT + z/kP 1 - iur + z'Zk(P ± q/2) ' 
Let's notice, that 

1 1 



1 - zwr + z'/kP + z7kq/2 1 - wjt + z/kP - z7kq/2 

— z/kq 

= (l-zu;r + z/kP) 2 + (/kq/2) 2 ' 
By means of two last equalities we receive expression for o^'- 

__■ (Ik) 2 1 f e- p2 Pld 5 P 

° 2 ~ la ° cut 7r 3 / 2 7 (l-zu;r + z/kP) 2 + (/kq/2) 2 ' ( ' J 

Let's consider, that k = kn, kP = knP = kP n , thus P 2 = P 2 + Pf , 



besides, 



kq = /cnq = /en— = & 2 — — — — kq. 
kx kx kj 1 
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Therefore we may write down the following expression for the compo- 
nent of transverse conductivity o^: 

v 1 f e- p2 P'i<PP , . 

^ - w ^^m J { p n - z/q y- {q/2 r (L22) 

where dimensionless parametres are entered 

UJ + V U V 

z = x + iy = - , x=- , y — 



kxVr ' k^VT kxVT 

Let's notice, that the formula (1.12) can be deduced from the general 
formula for transverse conductivity of quantum plasma at arbitrary degree 
degeneration of electronic gas (see, for example, |2B] ) 

otr 1 f \ /-, kiP 



1.23) 




c"o 47r/2(a) J ] \ wr ' 

r / ,+ t -\ \ Pi d 3 P 



(/, + -/,-)} T 



Huj\ / I 1 — «wr + zkiP 

In the formula (1.23) following designations are entered 



/2(a) = / x 2 f F (x)d 



00 

7 l + e^ a 


,P 2 -a 



<K^) = 



l + e p2 -") 2 ' 

/i 



where a is the dimensionless chemical potential, a = 



7T 

Let's notice that by a — > — 00 /^(a) = e"-^— . Therefore we have two 



-00 / 2 (a) = e«^. Tl 
following limiting transitions 



lim fl(P) ' 



2 



a->- 00 47r/2(Q;) 7T 3 / 2 ' 

lim /;(P)-/^(P)_e-^-e- p - 



a->— oo 47r/2 (ck) 7T 3 / 2 

Taking into account two last limiting transitions it is clear, that the 
formula (1.23) at a — > —00 passes in the formula (1.12). 
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3. Special cases and properties of transverse conductivity 



When wave number k = from the formula (1.12) we obtain the known 
classical formula for conductivity: 

ru m ^ [ e- p2 PJd A P a v 

O ir [k = 0) = —^ / — ■ ; = ; = (J { y 



7T 3 / 2 J 1 — iiUT 1 — iUT V — !,jJ 

because 

1 [ e- p2 (P 2 + P z VP=l. 



^3/2 / v y 

We will spread out the expression in braces (1.17) on degrees of q 

V -^\-Pke- p2 + ^(e- p +-e- p -- 
u\ 2 v 

= %-^MPq)[(Pq) 2 -^ 2 ] 
uj 6 2 

On the basis of this decomposition at small q we receive 

^-CT/^'^-^ i-S^aPk - (2 - i: 

By means of (2.1) from the formula (1.12) at small q we obtain 



<?ti 



1 r e- p2 PU 3 P 



± l 



an 7r 3 / 2 J 1 — iwr + z/kP 



/c T „ T / (Pq)[(Pq) 2 -^ 2 ]Pld 3 P 



(2 2) 

' 6W7T 3 / 2 7 1 - ILUT + Z/kP V ' J 

From the formula (2.2) follows, that at q — > (or, when Planck's con- 
stant tends to zero h — > 0), the formula for transverse conductivity of 
quantum plasma passes in the formula of transverse conductivity of clas- 
sical plasma. 

Vector k we will direct along an axis x, k = k{l, 0, 0}, then 

Pk = kP x , Pi = (P x ± | X 2 
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Hence, the formula (1.12) can be rewritten in the form 



crtr 



1 



a 7T 



3/2 



Vt 

id 



kP x )e- p2 



KtVt ( _ p2 _p2 

•— - — e + — e - 
2u V 



P^ + P Z 2 )^P 



1 — 2CJT + i/ZcPa; 



[2.3) 



The internal double integral can be easy calculated in the polar coordi- 
nates in a plane (P y) P z ): 



je- p! >- p '>(Pt + P"!)dP v dP z = K. 



Hence, according to (2.3) the transverse conductivity is expressed by 
one-dimensional integral: 



^0 



1 



vt 



l-—kP T )e-^ 



UJ 



_p2 



krvr 
2u 



e -(P x -q/2f _ e -(P,+g/2) 2 



dP x 



1 — iujr + ilkP x 



The formula (2.4) can be transformed to the form 

ex 
Otr 1 / 



00 



i lk \ -u 2 

LOT J 



lk T e-f/ A 



2ujt 
Let's us notice that at small q 



e 1V _ g-9/" 



)}" 



e ^ dji 



iut + ilkfi 



e -i 2 /i ( e «. _ e -w) = 2gM + ^ 2 3 ^ 



2>¥ + 



Hence, at small g = &/&t we receive 



2 7.3 



^classic | (Joh k 



f e^VO 2 - 3/2)d/i 
< 6u)m 1 VT\p^ J 1 — iooT + z/A;// 



[2.4) 



[2.5) 



;2. 6 ) 
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In the formula (2.6) the first term is the transverse conductivity in 
classical plasma 



X 



a 



classic 
tr 



O-Q 



' d\i 



y^K J 1 — itOT + ilkfi 



Let's transform the denominator of the formula (2.4) 

1 11 11 



1 — iuT + ilkfi ilk [1+ (I — iuT)/(ilk) %lk\i — zjq 
where dimensionless parametres are entered 



LU 



V 



X 



y = 



By means of these designations we receive 



z = x + iy 



LU + IV 
kxVT 



classic • if +( \ 

q \q< 



where 



X 



t z) = 



dr 



71 J T — Z 

x 



Let's rewrite the formula (2.6) in dimensionless variables 



°tr .y,(Z 
= —l-t[ - 

(7 q \q 



■y 2 ! 

z-gf -= 

X a/7T 



e T r(r 2 



3/2)dr 



T-z/q 



Let's transform the formula (2.8) in the form 

y'2 



^0 



■l—t 



q \q 



y 2 

i—q 

x 



rl /z 
2 + v, 



HMJ 



;2.7) 



;2.9) 



In (2.9) Ac(z) is the plasma dispersion function entered by Van Campen 



XMz) = 1 + zffc) = 1 + 



'dr 



7T ./ r — 2 

x 



re T dr 



r — 2; 



Let's return to the formula (2.5) and we will present it in the dimen- 
sionless variables in the following form 

DO 



Otr 
^0 



iy 



qy/n 



1 - -T + — — 

x Zx 



{e qT -e- qT 



e T dr 
T-z/q 



[2.10) 
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or 



do 



°jL = - l y_ t (i) +i i Xc (^ ^ 



V/4 r p qt _ p -qt 



e~ l dt. 



c"o q ^q' x \g/ 2qxy/ii J t — z/q 

— oo 

Besides, the formula (2.10) can be written down in the form 



^o 



i » t (£) +i » Ac (£) + ^ T(Z)?)) 

q \qy x \qJ Zx 



where 



oo 



TM-±j 



e- f2 dt 



(t-z/q) 2 -q 2 /4 

— oo 

4. Comparison with Lindhard's formula 

Let's consider the Lindhard's formula (5.3.4) from [TB] for transverse 
conductivity. After limiting transition at r] — > from (5.3.4) we receive 



.tj-j, s zAe 2 ze 2 /i 2 v^ 

^4^ = ^ ^ 

com \liom z ^—^ 



/°(£*) 



/°(£*) 



£k+ q — £k — M w + ii/) 



£k - £k- q - 7i(w + iv) 



|(k + q|p|k) 



(3.1) 



Here /°(£ fc ) = 



A 



2l,2 



vf,7r 3 / 2 



e p is absolute Maxwell - - Boltzmann distribu- 



tion, £k = 



h z k 



2m 



besides, the sum from (3.1) is understood as integral 






h 3 



: dk = 



h 3 pfr d 3 P 



3 j3 



nv- 



m 



3 h 3 



= / v}d 6 P. 



Let's present the formula (3.1) in the form 



<T Lind (qX 



UJT 



+ <?2, 



(3.2; 



where 



a 2 = 



ie 2 H 2 
Slum 2 



E 



/°(£i 



£k+ q — £k — 7i(w + iz/ 
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/°(£*) 

£k - £k- q - h(u + zV) 



|(k + q|p|k) 



(3.3) 



Let us notice that 

£k+q " 



£ k = 



£k q — 



2m 
2m 



q 2 + 2kq 



2m 



(cj + iv ) 



g 2 -2kq+—(w + zz/) 



Let's present the formula (3.3) in the integrated form 



2ie 2 N 



(72 



X 



1 



mujw 



+ 



3/2 



k z 



(?f 



X 



1 



2m 2m 

q 2 + 2kq-—(uj + i/T) g 2 - 2kq+ -—{uj + z'/r) 
ft h 



e- F d 6 P. (3.4) 



Let's transform the formula (3.4). We will direct a wave vector q length- 
ways ^-component of momentum, i.e. we take q = {/c, 0, 0}, and instead 
of vector k we will enter a dimensionless vector P by the following equality 



k _ P _ ^p 



Pf = mvp- 



Then the first square bracket is equal to 

.2 , J2 



M?)'-^-*)-^**)-^- 



Q 

The second square bracket is equal to 



1 



+ 



1 



2vn 2vn 

g 2 + 2kq--— (cj + z/t) q 2 - 2kq + —(u + z"/r)J 
a ft 



z'ft 

2mv 



1 



1 



1 — iujt + z'/kP + z'ft- — 1 — zcjt + z7kP — z'ft- 



2m 



2m 



H 2 k 2 r 



1 



2m 2 



r 



M; 2 r\ 2 



;i-^ + . k P )2 + (^) 
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Here 

Hk 2 T k 2 v T T k I Ikq 

2m ~ 2mv T /h ~2kr~~^2~' 
Now we represent integral Lindhard's term in the form 

- _ ■ m 2 1 f e-^PJcPP 

2 ' ° UT 7T3/2 J (1-IUT + llkPf + (ikq/2) 2 • { ' 

The formula (3.5) for b^ exactly coincides with the formula (1.21) for oi- 
It means, that deduced in the present work the formula for calculation of 
the electric conductivity in quantum collisional plasma, does not coincide 
with the corresponding formula deduced by Lindhard. 

Let's write down their difference (in dimensionless parametres) 



^Lind • V 

(J tr - <J tr = -MJQ- 



X (Z\ , (Z 

! + -*(-] -A c - 



xi q \q/ \q 

y 2 (x + iy 

= -cr — 1[ 

xq V q 

From this formula follows, that at q — > oo the difference a tr — ^ md — > 0. 

On Figs. 1 - 10 we will give the graphic analysis of electric conductivity. 
On Figs. 1, 3 and 5 plots of the real part of relation (J tr /<7Q are presented, 
and on Figs. 2, 4 and 6 plots of the imaginary part of this relation are 
presented as function od dimensionless wave number q. 

The analysis of plots on Figs. 1-6 shows, that at small values of di- 
mensionless wave number the curves corresponding to the quantum plasma 
(these are curves of 1), coincide with the curves corresponding to classi- 
cal plasma (these are curves of 3). Intermediate values of dimensionless 
wave number, where curves of 1 and 3 not coincide, make an interval of 
0.1 < q < 1 in a case x = 0.1, y = 0.01. 

On Figs. 7-10 dependences for real (Figs. 7 and 9) and imaginary 
(Figs. 8 and 10) parts of relation o"t r /o"o are presented as functions of 
dimensionless frequency of a field x at various values of dimensionless wave 
number q. 
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At great values x the curves corresponding to various values q, coincide. 
So, in the case y = 0.01 and small values of dimensionless wave number 
q = 0.1,0.2,0.3 the real and imaginary parts of relations otrjo^ coincide 
at x > 1. In a case y = 0.01 and great values of dimensionless wave 
number q = 2, 3, 4 the real parts of relation <7 ir /<7o, coincide at x > 20, and 
imaginary coincide at x > 10. 

5. Conclusions 

In the present work formulas for calculation of transverse conductivity 
and permeability in quantum collisional Maxwellian plasma are obtained. 
The kinetic Wigner - Vlasov - Boltzmann equation with collision integral 
in the BGK form in coordinate space is used. 

Expand of transverse conductivity by degrees dimensionless of wave 
vector is derived. 

When Planck's constant H — > 0, the deduced formula for conductivity 
pass in the formula of conductivity for classical plasma. 

Comparison of the deduced formula for the transverse conductivity with 
Lindhard conductivity is carried out. 

The graphic analysis of the dependences of real and imaginary parts of 
transverse conductivity on the dimensionless wave number, and on dimen- 
sionless frequency electric field is given. 

At small values of the dimensionless wave numbers the transverse con- 
ductivity is well described by the formula for classical conductivity, and at 
great values by Lindhard's formula. 
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Figure 1: The case: x = 0.1, y = 0.01. Dependence Re(o"t r /cJo) on the dimensionless wave 
number q. 
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Figure 2: The case: x = 0.1, y = 0.01. Dependence Im(at r /cro) on the dimensionless wave 
number q. 
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Figure 3: The case: x = 0.001, y = 0.01. Dependence Re(at r /cro) on the dimensionless wave 
number q. 
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Figure 4: The case: x = 0.001, y = 0.01. Dependence Im (o"i r /o"o) on the dimensionless wave 
number q. 
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Figure 5: The case: q = 0.5, y = 0.01. Dependence Re(o"t r /cro) on the dimensionless frequency 

x. 
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Figure 6: The case: q = 0.5, y = 0.01. Dependence Im {(Jtr/&o) on the dimensionless frequency 

x. 
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Figure 7: The case: y = 0.01. Dependence Re(o"t r /cro) on the dimensionless frequency x. 
Curves 1, 2, 3 correspond to q = 0.1, 0.2, 0.3. 
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Figure 8: The case: y = 0.01. Dependence Im (o^/co) on the dimensionless frequency x. 
Curves 1, 2, 3 correspond to q = 0.1, 0.2, 0.3. 
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Figure 9: The case: y = 0.01. Dependence Re(o"t r /cro) on the dimensionless frequency x. 
Curves 1, 2, 3 correspond to q = 2, 3, 4. 
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Figure 10: The case: y = 0.01. Dependence Im(o"t r /o"o) on the dimensionless frequency x. 
Curves 1, 2, 3 correspond to q = 2, 3, 4. 



